The study of the strongly singular convolution operator T in the context of L q (R n ) spaces was carried out by I. I. Hirschman and S. Wainger [11] . The sharp endpoint estimates for T were obtained by C. Fefferman and E. M. Stein [3] using the duality of H 1 and BMO. The weighted norm estimates (L q and weak (1, 1)) for T were established by S. Chanillo [1] . The properties of T on weighted Herz-type Hardy spaces were investigated by Li Xiaochun and Lu Shanzhen [6] . Recently, the boundedness of the commutator T m b on weighted L q (R n ) was obtained by J. García-Cuerva, E. Harboure, C. Segovia and J. L. Torrea [4] . Its boundedness on Herz spaces can be viewed as a special case of a result belonging to Lu Shanzhen, Tanglin and Yang Dachun [8] for m = 1.
The main purpose of this paper is to investigate the commutator T m b
on Herz spaces and on a new class of Herz-type Hardy spaces with critical index α = n(1 − 1/q). First, let us introduce some definitions and notations.
where χ E is the characteristic function of E. Definition 1.1 ( [9] ). Let α ∈ R and 0 < p, q < ∞.
(a) The homogeneous Herz space is defined bẏ
The nonhomogeneous Herz space is defined by
). Let α ∈ R and 0 < p, q < ∞.
(1) A measurable function f on R n is said to belong to the homogeneous weak Herz space WK
(2) A measurable function f on R n is said to belong to the nonhomogeneous weak Herz space W K 
We define the quasinorms on HK
where the infimum is taken over all central atomic decompositions (resp. central atomic decompositions of restricted type) of f .
Obviously, the Herz-type Hardy spaces in Definition 1.4 are subspaces of those introduced by Lu and Yang [10] when m > 1, and they coincide with them when m = 1. In particular, if 0
, the spaces studied by Lu and Yang [9] . To state our results, we need the following basic lemmas. The first lemma is the unweighted case of Theorem 2.2 of [4] .
, where C only depends on m.
Proof. It is easy to see that, for a given integer m, there exists a positive integer N m such that log
This implies 
satisfies the so-called condition L, defined below. However, I do not know whether condition L is optimal for the validity of Theorems 2.2 and 3.2 of this paper.
where b j is the mean value of b over the ball B j , i.e.
Remark. Condition L was first introduced by the author [7] . In that paper, two examples are presented to show that this condition is non-trivial. One of these examples is any odd BMO(R 
Proof. We write
where N m is the same constant as in Lemma 1.
, we have
For any integer k ≥ N m , we decompose f (x) as follows:
and
To estimate B 1 , we need a pointwise estimate for T 
This implies that
For i = 1, . . . , m, using the John-Nirenberg inequality, we obtain
By Lemma 1.3, this implies
Denoting by K λ the maximal integer k satisfying the last inequality, we have
The estimates for D 1 , . . . , D m+1 give
where C is independent of f and λ. This completes the proof of Theorem 2.1. 
Proof. We only prove the homogeneous case. Let f ∈K
Similarly to the estimate for B 1 in Theorem 2.1, when x ∈ A k and j ≤ k − 2, we have
In the last inequality, we have applied condition L. We thus have
where
For F i (i = 1, . . . , m), using the John-Nirenberg inequality and proceeding similarly to the case of D i in Theorem 2.1, we have
. Letting K λ be the maximal integer k satisfying the last inequality, we thus get
Hence we obtain the following estimate:
This finishes the proof of Theorem 2.2. 
We proceed to estimate G 2 . It is easy to see that |x| > 2|y| whenever y ∈ B(0, r) and x ∈ A k with k = k 0 + 1, k 0 + 2, . . . By the Hölder inequality and the vanishing moments condition on a, we have 
Similarly to the estimate for G 2 , we get Applying the mean value theorem to the term in brackets in the integrand of I 11 (x), we obtain a pointwise estimate for I 11 (x) on A k as follows: 
